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NUMERICAL INVESTIGATION OF A NEURAL FIELD MODEL
INCLUDING DENDRITIC PROCESSING
DANIELE AVITABILE∗, STEPHEN COOMBES † , AND PEDRO M. LIMA ‡
Abstract. We consider a simple neural field model in which the state variable is dendritic
voltage, and in which somas form a continuous one-dimensional layer. This neural field model with
dendritic processing is formulated as an integro-differential equation. We introduce a computa-
tional method for approximating solutions to this nonlocal model, and use it to perform numerical
simulations for neuro-biologically realistic choices of anatomical connectivity and nonlinear firing
rate function. For the time discretisation we adopt an Implicit-Explicit (IMEX) scheme; the space
discretisation is based on a finite-difference scheme to approximate the diffusion term and uses the
trapezoidal rule to approximate integrals describing the nonlocal interactions in the model. We prove
that the scheme is of first-order in time and second order in space, and can be efficiently implemented
if the factorisation of a small, banded matrix is precomputed. By way of validation we compare the
outputs of a numerical realisation to theoretical predictions for the onset of a Turing pattern, and to
the speed and shape of a travelling front for a specific choice of Heaviside firing rate. We find that
theory and numerical simulations are in excellent agreement.
1. Introduction. Ever since Hans Berger made the first recording of the human
electroencephalogram (EEG) in 1924 there has been a tremendous interest in under-
standing the physiological basis of brain rhythms. This has included the development
of mathematical models of cortical tissue, which are often referred to as neural field
models. The formulation of these models has not changed much since the seminal
work of Wilson and Cowan, Nunez and Amari in the 1970s, as recently described
in [7]. Neural fields and neural mass models approximate neural activity assuming
the cortical tissue is a continuous medium. They are coarse-grained spatiotemporal
models, which lack important physiological mechanisms known to be fundamental in
generating brain rhythms, such as dendritic structure and cortical folding. Nonethe-
less their basic structure has been shown to provide a mechanistic starting point for
understanding whole brain dynamics, as described by Nunez [14], and especially that
of the EEG.
Modern biophysical theories assert that EEG signals from a single scalp electrode
arise from the coordinated activity of ∼ 108 pyramidal cells in the cortex. These
are arranged with their dendrites in parallel and perpendicular to the cortical sur-
face. When activated by synapses at the proximal dendrites, extracellular current
flows parallel to the dendrites, with a net membrane current at the synapse. For
excitatory (inhibitory) synapses this creates a sink (source) with a negative (positive)
extracellular potential. Because there is no accumulation of charge in the tissue the
proximal synaptic current is compensated by other currents flowing in the medium
causing a distributed source in the case of a sink and vice-versa for a synapse that
acts as a source. Hence, at the population level the potential field generated by a
synchronously activated population of cortical pyramidal cells behaves like that of a
dipole layer. Although the important contribution that single dendritic trees make to
∗Vrije Universiteit Amsterdam, Department of Mathematics, Faculteit der Exacte Wetenschap-
pen, De Boelelaan 1081a, 1081 HV Amsterdam, The Netherlands.
Inria Sophia Antipolis Me´diterrane´e Research Centre, MathNeuro Team, 2004 route des Lucioles-
Bote Postale 93 06902, Sophia Antipolis, Cedex, France.
(d.avitabile@vu.nl, www.danieleavitabile.com).
†Centre for Mathematical Medicine and Biology, School of Mathematical Sciences, University of
Nottingham, NG7 2RD, UK.
‡CEMAT, Instituto Superior Tecnico,University of Lisbon, Portugal
1
2 D. AVITABILE, S. COOMBES, P. M. LIMA
generating extracellular electric field potentials has been known for some time, and
can be calculated using Maxwell’s equations [15], they are often not accounted for in
neural field models. However, with the advent of laminar electrodes to record from
different cortical layers it is now timely to build on early work by Crook and coworkers
[9] and by Bressloff, reviewed in [5], and develop neural field models that incorporate a
notion of dendritic depth. This will allow a significant and important departure from
present-day neural field models, and recognise the contribution of dendritic processing
to macroscopic large-scale brain signals. A simple way to generalise standard neural
field models is to consider the dendritic cable model of Rall as the core component
in a neural field, with source terms on the cable mediating long-range synaptic in-
teractions. These in turn can be described with the introduction of an axo-dendritic
connectivity function.
Here we consider a neural field model which treats the voltage on a dendrite as the
primary variable of interest in a simple model of neural tissue. The model comprises
a continuum of somas (a somatic layer, see schematic in Figure 1.1(a)). Dendrites are
modeled as unbranched fibres, orthogonal to the somatic layer which, for simplicity, is
one-dimensional and rectilinear (see Figure 1.1(b)). At each point along the somatic
layer x ∈ R we envisage a fibre with coordinate ξ ∈ R. The voltage dynamics along
the fibre is described by the cable equation, with a nonlocal input current arising
as an integral over the outputs from the somatic layer (where ξ = 0). Denoting
the voltage by V (x, ξ, t) we have an integro-differential equation for the real-valued
function V : R2 × R→ R of the form
(1.1) ∂tV (x, ξ, t) = (−γ + ν∂ξξ)V (x, ξ, t) +G(x, ξ, t)
+
∫
R2
W (x, ξ, y, η)S(V (y, η, t)) dy dη,
posed on (x, ξ, t) ∈ R3, for some typically sigmoidal or Heaviside-type firing rate
function S, and some external input function G. Here ν is the diffusion coefficient
and 1/γ the membrane time-constant of the cable. As we shall see below, it will be
crucial for our analysis that currents flow exclusively along the fibres, that is, the
diffusive term in (1.1) contains derivatives only with respect to ξ.
The model is completed with a choice of the generalised axo-dendritic connectivity
function W . The nonlocal input current arises from the somatic layer, hence they are
transferred from sources in an ε-neighbourhood of ξ = 0, 0 < ε 1, to contact points
in an ε-neighbourhood of ξ = ξ0 on the cable (see Figure 1.1(b)). In addition, the
strength of interaction depends solely on the distance between the source and the
contact point, measured along the somatic layer, leading to the decomposition
(1.2) W (x, ξ, y, η) = w(|x− y|)δε(ξ − ξ0)δε(η),
where w describes the strength of interaction across the somatic space and is chosen
to be translationally invariant and δε is a quickly-decaying function.
This work introduces a computational method for approximating solutions to
(1.1), subject to suitable initial and boundary conditions, and applies it to the nu-
merical simulation of the model with kernel given by (1.2). Numerical methods for
neural fields in 2-dimensional media have been introduced recently in flat geome-
tries [16, 11, 12] and on 2-manifolds embedded in a 3-dimensional space [3, 21]. In
addition, several available open-source codes, such as the Neural Field Simulator [13],
the Brain Dynamics Toolbox [10], and NFTsim [18], perform simulations of neural
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Fig. 1.1. Schematic of the neural field model. (a) Dendrites are represented as unbranched
fibres (red), orthogonal to a continuum of somas (somatic layer, in grey). (b) Model (1.1) is for a
1D somatic layer, with coordinate x ∈ R, and fiber coordinate ξ ∈ R. Input currents are generated
in a small neighbourhood of the somatic layer, at ξ = 0 and are delivered to a contact point, in a
small neighbourhood of ξ = ξ0. The strength of interaction depends on the distance between sources
and contact points, measured along the somatic layer, hence the inputs that are generated at A and
transmitted to B, C, and D depend on |xB−xA|, |xC −xA|, and |xD−xA|, respectively (see (1.2)).
field equations. Numerical schemes for models of type (1.1) have not been introduced,
analysed, or implemented, and these are the main contributions of the present article.
In Section 2 we describe, analyse, and discuss implementation details of the nu-
merical method. In Sections 3–4 we illustrate the performance of the method by
means of some numerical experiments, including problems whose exact solution has
known properties. The numerical results are discussed and their physical meaning is
explained. We finish with some conclusions and discussion in Section 5.
2. Numerical Scheme. Numerical simulations are performed on (1.1), posed
on a bounded, cylindrical somato-dendritic domain
Ω = R/2LxZ× (−Lξ, Lξ),
and subject to initial and boundary conditions,
(2.1)
∂tV = (−γ + ν∂ξξ)V +K(V ) +G on Ω× (0, T ],
V ( · , · , 0) = V0 on Ω,
∂ξV ( · ,−Lξ, ·) = ∂ξV ( · , Lξ, ·) = 0 on (−Lx, Lx]× [0, T ],
for some positive constants T , Lx, Lξ. This setup implies 2Lx-periodicity in the
somatic direction, and Neumann boundary conditions in the dendritic direction. We
denote by K the integral operator defined by
(K(V ))(x, ξ, t) =
∫
Ω
WΩ(x, ξ, y, η)S(V (y, η, t)) dy dη, (x, ξ) ∈ Ω.
where WΩ is the restriction of W on Ω. This restriction implies that the function w
in (1.2) be substituted by its periodic extension on [−Lx, Lx). In the remainder of
this paper we will omit the subscript Ω from W , and assume w to be 2Lx-periodic.
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To expose our scheme we introduce a spatiotemporal discretisation using the
evenly spaced grid {(xj , ξi, tn)} defined by
xj = −Lx + jhx, j ∈ Nnx , hx = 2Lx/nx,
ξi = −Lξ + (i− 1)hξ, i ∈ Nnξ , hξ = 2Lξ/(nξ − 1),
tn = nτ, n ∈ Nnt , τ = T/nt,
where we posed Nk = {1, 2, . . . , k} for k ∈ N. The scheme we propose uses the method
of lines for (2.1), in conjunction with differentiation matrices for the diffusive term
and a quadrature scheme for the integral operator.
Collocating (2.1) at the somato-dendritic nodes we obtain
∂tV (xj , ξi, t) = (−γ + ν∂ξξ)V (xj , ξi, t) +K(V )(xj , ξi, t)
+G(xj , ξi, t) (j, i) ∈ Nnx × Nnξ ,
(2.2)
where, with a slight abuse of notation, we denote by V an interpolant to the function
V in (2.1) through {(xj , ξi)}. To obtain a numerical solution of the problem we
must choose: (i) an approximation for the linear operator (−γ+ ν∂ξξ) at the somato-
dendritic nodes; (ii) an approximation for the integral operator at the same nodes;
(iii) a scheme to time step the derived set of ODEs.
In the presentation of the scheme, we shall use two equivalent representations for
the voltage approximation: a matricial description
(2.3) V (t) = {Vij(t) : (i, j) ∈ Nnξ × Nnx} ∈ Rnξ×nx , Vij(t) ≈ V (xj , ξi, t),
and a lexicographic vectorial representation, obtained by introducing the index map-
ping k(i, j) = nξ(i− 1) + j,
(2.4) U(t) = {Uk(i,j)(t) : (i, j) ∈ Nnξ × Nnx} ∈ Rnxnξ .
In the latter, we will sometimes suppress the dependence of k on (i, j), for notational
convenience.
2.1. Discretisation of the linear operator. A simple choice for discretising
the linear differential operator (−γ + ν∂ξξ) is to adopt differentiation matrices [19].
If a differentiation matrix Dξξ ∈ Rnξ×nξ is chosen to approximate the action of
the Laplacian operator ∂ξξ on twice differentiable, univariate functions defined on
[−Lξ, Lξ], satisfying Neumann boundary conditions, and sampled at nodes {ξi}, then
the action of the operator −γ + ν∂ξξ on bivariate functions defined on [−Lx, Lx) ×
[−Lξ, Lξ], twice differentiable in ξ with Neumann boundary conditions, sampled at the
nodes {(xj , ξi)} with lexicographical ordering k(i, j) is approximated by the following
block-diagonal matrix
−γInxnξ + νInx ⊗Dξξ =

−γ + νDξξ
−γ + νDξξ
. . .
−γ + νDξξ
 ,
where In, n ∈ N, is the n-by-n identity matrix, and ⊗ is the Kronecker product
between matrices. Since the model prescribes diffusion only along the dendritic coor-
dinate, the corresponding matrix has a block-diagonal structure with identical blocks,
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which can be exploited to improve performance in numerical computations. The
sparsity pattern of a block is dictated by the underlying scheme to approximate the
univariate Laplacian: we have full blocks if Dξξ is derived from spectral schemes, and
sparse blocks for finite-difference schemes.
2.2. Discretisation of the nonlinear integral operator. The starting point
to discretise the integral operator is an mth order quadrature formula with qm nodes
{(yl, ηl) : l ∈ Nqm} and weights {σl : l ∈ Nqm} for the integral of a bivariate function
over Ω,
Q(v) =
∫
Ω
v(y, η) dy dη ≈
∑
l∈Nm
v(yl, ηl)σl = Qm(v).
Using this formula we approximate the nonlinear operator in (2.2) by
Qm(K(V ))(xj , ξi, t) =
∑
l∈Nqm
W (xj , ξi, yl, ηl)S(V (yl, ηl, t))σl.
We stress that, in general, the quadrature nodes {(yl, ηl)} and the collocation
nodes {(xk(i,j), ξk(i,j))} are disjoint. The former are chosen so as to approximate
accurately the integral term, the latter to approximate the differential operator. When
the two grids are disjoint, an interpolation of V with nodes {(yl, ηl)} is necessary to
derive a set of ODEs at the collocation nodes. In the remainder of this paper we
will assume that collocation and quadrature nodes coincide, so that we can omit the
interpolant, for simplicity.
2.3. Matrix ODE formulation. Combining the differentiation matrix, the
quadrature rule, and the lexicographic representation (2.4) we obtain a set of nxnξ
ODEs
(2.5)
U˙(t) = (−γInxnξ + νInx ⊗Dξξ)U(t) + F (U(t), t),
U(0) = U0.
The structure of the differentiation matrix in section (2.1), however, suggests a rewrit-
ing of (2.5) in terms of the blocks of the linear operator, which correspond to “slices”
at constant values of x: we recall the matrix representation (2.3) and obtain an equiv-
alent matrix ODE formulation
(2.6) V˙ (t) = (−γInξ + νDξξ)V (t) +N(V (t)) +G(t),
where N is the matrix-valued function with components Nij(V ) = Qm(V )(xj , ξi) and
G is the matrix with components G(xj , ξi, t). In passing, we note that the linear
part of the equation involves a multiplication between an nξ-by-nξ matrix and the
nξ-by-nx matrix V .
2.4. Time-stepping scheme. The proposed time-stepping scheme for (2.1)
is obtained from (2.6) with the following choices: (i) a first-order, implicit-explicit
(IMEX) time-stepping scheme [1]; (ii) a second-order, centered finite-difference scheme
for the differentiation matrix Dξξ; (ii) a second-order trapezium rule for the quadra-
ture rule Qm. As we shall see, these choices bring a few computational advantages,
which will be outlined below.
IMEX schemes treat the linear (diffusive) part of the ODE implicitly, and the
nonlinear part explicitly, so that the stiff diffusive term is integrated implicitly to
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avoid excessively small time steps. The simplest IMEX method uses backward Euler
for the diffusive term, leading to
(2.7)
V 0 = V0,
AV n = V n−1 + τN(V n−1) + τGn−1, n ∈ N,
where V n ≈ V (tn), Gn = G(tn), and A is the matrix
(2.8) A = (1 + γτ)Inξ − τνDξξ.
In concrete calculations we use second-order centred finite differences, leading to
(2.9) Dξξ = ∆/h
2
ξ , ∆ =

−2 2
1 −2 1
. . .
. . .
. . .
1 −2 1
2 −2
 ,
in which Neumann boundary conditions are included in the differentiation matrix.
Finally, we discuss the choice of the quadrature scheme. We use a composite
trapezium scheme with nodes {xj} and weights {ρj} in x, and nodes {ξi} and weights
{σi} in ξ, respectively, hence quadrature and collocation sets coincide,
(2.10) Nij(V ) =
∑
j′∈Nnx
∑
i′∈Nnξ
W (xj , ξi, xj′ , ξi′)S(Vi′,j′)ρj′σi′ . (i, j) ∈ Nnξ × Nnx .
2.5. Properties of the IMEX scheme. In this section we collect some ana-
lytical results on the IMEX scheme (2.7)–(2.10). We work with spaces of sufficiently
regular continuous functions, which provides the simplest setting for our results. We
denote by Ck(D) the space of k-times continuously differentiable functions from D to
R, where k is an integer, D a domain in R3. We also indicate by Ckb (D) the space of
continuous functions from D to R with bounded and continuous partial derivatives
up to order k. Both spaces are endowed with the infinity norm ‖·‖∞. We will use the
symbol | · |∞ for the standard infinity-norm on matrices, induced by the corresponding
vector norm. In addition, we will denote by D¯ the closure of D.
We begin with a generic assumption of boundedness on the functions in (2.1):
Hypothesis 2.1. There exist CW , CS , CG > 0 such that
|W | ≤ CW in Ω× Ω, |S| ≤ CS in R, |G| ≤ CG in Ω× R.
Lemma 2.2 (Boundedness of IMEX solution). Assume Hypothesis 2.1, then there
exists a unique bounded sequence (V n)n∈N satisfying the IMEX scheme (2.7)–(2.10).
In addition, the following bound holds
|V n|∞ ≤ |V 0|∞ + nxµ(Ω¯)CWCS + CG
γ
, n ∈ N.
Proof. The matrix A in (2.8) has real, strictly positive eigenvalues given by
λk = 1 + γτ +
4ντ
h2ξ
[
sin
(
pi(k − 1)
2nξ
)]2
, k ∈ Nnξ ,
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where we have used the fact that the eigenvalues of Dξξ are known in closed form.
We conclude that A is invertible, hence for any fixed n ∈ N, the matrix V n solving
(2.7) is unique. In addition, A is strictly diagonally dominant, hence the following
bound holds [20]
(2.11) |A−1|∞ ≤ max
i∈Nξ
1
|Aii| −
∑
j 6=i |Aij |
=
1
1 + γτ
.
To prove boundedness of the sequence (V n)n∈N we first bound the matrices N(V n−1),
Gn appearing in (2.7)
|N(V n−1)|∞ = max
i∈Nnξ
∑
j∈Nnx
|Nij(V n−1)|
≤ max
i∈Nnξ
∑
j∈Nnx
∑
j′∈Nnx
∑
i′∈Nnξ
|W (xj , ξi, xj′ , ξi′)S(Vi′,j′)ρj′σi′ |
≤ CWCS max
i∈Nnξ
∑
j∈Nnx
∑
j′∈Nnx
∑
i′∈Nnξ
ρj′σi′
≤ CWCS max
i∈Nnξ
∑
j∈Nnx
µ(Ω¯) = nxµ(Ω¯)CWCS ,
,
and similarly |Gn−1|∞ ≤ nxCG, and then combine them with the bound for |A−1|∞
to find
|V n|∞ ≤ |A−1|∞
(
|V n−1|∞ + τ |N(V n−1)|∞ + τ |Gn−1|∞
)
≤ 1
1 + γτ
(
|V n−1|∞ + τnxµ(Ω¯)CWCS + τnxCG
)
.
We set
r =
1
1 + γτ
< 1, q =
τnx
1 + γτ
(µ(Ω¯)CWCS + CG),
and use induction and elementary properties of the geometric series to obtain
|V n|∞ ≤ rn|V 0|∞ + q
n−1∑
j=0
rj ≤ |V 0|∞ + q
1− r ,
which proves the assertion.
In addition to proving boundedness of the solution, we address the convergence
rate of the IMEX scheme. For this result, we assume the existence of a sufficiently
regular solution to (2.1).
Lemma 2.3 (Local convergence rate of the IMEX scheme). Assume Hypothesis
2.1, W ∈ C2(Ω × Ω), S ∈ C2b (Ω), and assume (2.1) admits a strong solution V∗
whose partial derivatives ∂ttV∗, ∂xxV∗, ∂xξV∗, ∂ξξV∗, ∂ξξξξV∗ exist and are bounded
on Ω¯ × [0, T ]. Denote by V n∗ the matrix with elements (V n∗ )ij = V∗(xj , ξi, tn), for
(i, j, n) ∈ Nnx ×Nnξ ×Nnt . Further, let (V n)n∈N be the solution to the IMEX scheme
(2.7)–(2.10), and let
ζ = nxµ(Ω¯)‖W‖∞‖S′‖∞, h = max(hξ, hx).
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There exist constants Cτ , Ch > 0 such that
|V n − V n∗ |∞ ≤
1
γ − ζ (Cττ + Chh
2) if ζ < γ,(2.12)
|V n − V n∗ |∞ ≤
T
1 + γτ
(Cττ + Chh
2) if ζ = γ,(2.13)
|V n − V n∗ |∞ ≤
Cττ + Chh
2
ζ − γ exp
(ζ − γ)T
1 + γτ
if ζ > γ.(2.14)
Proof. The regularity assumptions on V∗, and standard results on finite-difference
approximation and trapezium quadrature rule guarantee the existence of constants
Ctt, Cxx, Cξξ, Cξξξξ > 0 such that for all n ∈ {0} ∪ Nnt
(2.15) AV n∗ = V
n−1
∗ + τ
(
N(V n−1∗ ) +G
n−1 + Cttτ + Cξξξξh2ξ + Cxxh
2
x + Cξξh
2
ξ
)
,
where the errors for the forward finite-difference in t, centred finite-difference in ξ, and
trapezium rule are listed progressively, with constants proportional to the respective
partial derivatives. We subtract (2.15) from
AV n = V n−1 + τN(V n−1) + τGn−1,
and obtain the error bound
(2.16) |V − V n∗ |∞ ≤ |A−1|∞
(|V − V n∗ |∞ + τ |N(V n)−N(V n∗ )|∞ + τω),
where ω = Cττ + Chh
2, Cτ = Ctt, Ch = max(Cxx, Cξξ, Cξξξξ), and h = max(hξ, hx).
Since the first derivative S′ of S is bounded, we have the following estimate for the
nonlinear term
|N(V n)−N(V n∗ )|∞ ≤ ‖W‖∞‖S′‖∞ max
i∈Nnξ
∑
j∈Nnx
∑
j′∈Nnx
∑
i′∈Nnξ
|V ni′j′ − (V n∗ )i′j′ |ρj′σi′
≤ nxµ(Ω¯)‖W‖∞‖S′‖∞|V n − V n∗ |∞
= ζ|V n − V n∗ |∞,
which, together with (2.11) and (2.16) gives a recursive bound for the∞-norm matrix
error |V n − V n∗ |∞1,
E0 = 0, En ≤ 1 + ζτ
1 + γτ
En−1 +
τω
1 + γτ
:= rEn−1 + q. n ∈ Nnt .
Hence,
(2.17) En ≤ q r
n − 1
r − 1 , r 6= 1, E
n ≤ nq r = 1, n ∈ Nnt .
If ζ < γ, then r < 1, and we obtain (2.12) as
En ≤ q
1− r =
ω
γ − ζ =
1
γ − ζ (Cττ + Chh
2), n ∈ Nnt .
1The scalar values r, q defined in this proof are different from the ones defined in the proof of
Lemma 2.2.
NEURAL FIELDS WITH DENDRITES 9
If ζ = γ, then r = 1 and (2.13) is found as follows
En ≤ nq ≤ ntτω
1 + γτ
=
T
1 + γτ
(Cττ + Chh
2), n ∈ Nnt .
If ζ > γ, then r > 1 and we can bound the nth term of the sequence with an
exponential, using the bound (1 + x/n)n ≤ ex for all x ∈ R, as follows,
rn =
(
1 +
(ζ − γ)nτ
n(1 + γτ)
)n
≤ exp (ζ − γ)nτ
1 + γτ
≤ exp (ζ − γ)T
1 + γτ
,
which combined with (2.17) gives (2.14):
En ≤ ω
ζ − γ exp
(ζ − γ)T
1 + γτ
=
Cττ + Chh
2
ζ − γ exp
(ζ − γ)T
1 + γτ
.
The preceding lemma shows that the IMEX scheme has first order convergence
in time, and second order convergence in space. As expected, this conclusion holds
without imposing any restriction to the size of τ in relation to h, as happens, for
example, in the case of explicit methods for parabolic equations. In passing we note
that if ζ < γ and V∗(t) exists for all t ∈ R, the error estimate (2.12) holds for n ∈ N,
that is, in an unbounded interval of time; on the other hand, the error estimates do
not hold on an unbounded time interval when ζ ≥ γ, as the bounds depend on T .
2.6. Implementational aspects and efficiency. In this section we make a
few considerations on the implementation of the proposed IMEX scheme, with the
view of comparing its efficiency to an ordinary IMEX scheme, that is, to an IMEX
scheme applied to (2.5).
2.6.1. Implementation. IMEX schemes for planar semilinear problems require
the inversion of a discretised Laplacian, which usually is a square matrix with the same
dimension of the problem (nξnx equations in our case). The particular structure of
the problem under consideration, however, implies that the matrix to be inverted
is much smaller (the square matrix A has only nξ rows and nξ columns). At each
time step (2.7) we solve a problem of the type AX = B, where A ∈ Rnξ×nξ , and
X,B ∈ Rnξ×nx . This can be achieved efficiently by pre-computing a factorisation
of A, and then back-substituting for all columns of B. Since the matrix A is sparse
and with low bandwidth, efficient implementations of the LU decompositions and
backsubstitution can be used to solve the nx linear problems corresponding to the
columns of X and B.
An important aspect of the numerical implementation is the evaluation of the
nonlinear term (2.10): evaluating the right-hand side of (2.7) requires in general
O(n2ξn
2
x) operations, which is a bottleneck for the time stepper, in particular for
large domains. However, the structure of the problem can be exploited once again to
evaluate this term efficiently. We make use of the following properties:
1. The kernel W specified in (1.2) has a product structure, hence
W (xj , ξi, xj′ , ξi′) = αiα
′
i′w(|xj − xj′ |).
where αi = δε(ξi − ξ0), α′i′ = δε(ξi′). In addition, w is periodic, therefore
the matrix with entries w(|xj − xj′ |) is circulant with (rotating) row vector
w = {w(|xj |) : j ∈ Nnx} ∈ R1×nx .
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2. The function x 7→ V (x, ·) is 2Lx-periodic, hence the trapezium rule has iden-
tical weights ρj = hx, and the integration in x is a circular convolution, which
can be performed efficiently in O(nx log nx) operations, using the Discrete
Fourier Transform (DFT).
We have
(2.18) Nij(V ) = αi
∑
j′∈Nnx
wj−j′ρj′
∑
i′∈Nnξ
α′i′σi′S(Vi′j′) (i, j) ∈ Nnξ × Nnx ,
and a DFT can be used to perform the outer sums [8, 16]. Introducing the direct, Fn,
and inverse, F−1n , DFTs for n-vectors, we express compactly the nonzero elements of
N as follows
(2.19) N = αhxF−1nx
[Fnx [w]Fnx [(α′  σ)TS(V )]],
where α, α′, σ ∈ Rnξ×1 are column vectors, and  denotes the Hadamard product,
that is, elementwise vector multiplication. The formula above evaluates the nonlinear
term N in just O(nxnξ) +O(nx log nx) operations.
We summarise our implementation with the pseudocode provided in Algorithm 1,
and we will henceforth compare quantitatively its efficiency with a standard IMEX im-
plementation, which we also provide in Algorithm 2. The matricial version, Algorithm
1 exposes row- and column-vectors, for which a very compact Matlab implementation
can be derived. We give an example of such implementation in Appendix A, and we
refer the reader to [2] for a repository of codes used in this article.
2.6.2. Efficiency estimates. We now make a few considerations about the
efficiency of our algorithm. We will provide two main measures of efficiency: an
estimate of the floating point operations (flops), and an estimate of the storage space
(in floating point numbers) required by the algorithm, as a function of the input data
which, in our case, are the number of gridpoints in each direction, nx and nξ. We are
interested in how the estimates scale for large nx, nξ.
To estimate the number of flops, we count the number of operations required by
Algorithms 1 and 2 in the initialisation step (lines 2–6), and in a single time step
(lines 8–12). We base our estimates on the following facts and hypotheses:
1. The cost of multiplying an m-by-n matrix by an n-vector is 2mn−m flops.
2. If an n-by-n matrix is tridiagonal, then the matrices L and U of its LU -
factorisation are bidiagonal, and L has 1 along its main diagonal. This im-
plies that storing the LU factorisation requires only 3 n-vectors. Calculating
the LU factorisation costs 2n + 1 flops, while solving the corresponding lin-
ear problem LUx = b, with x, b ∈ Rn, requires 2n − 2 and 3n − 2 flops for
the forward- and backward-subsitution, respectively. Similar considerations
apply if A is not tridiagonal, but still sparse, as it would be obtained using
a different discretisation method for the diffusive operator: estimates for the
flops of the corresponding PLU -factorisation depend, in general, on the spar-
sity pattern of A, as well as on the permutation strategy, which is heuristic
but can have an impact on the sparsity of L and U , thereby influencing the
performance of the algorithm. We present calculations only in the case of a
tridiagonal matrix A, for which explicit estimates are possible.
3. As stated above, it is well known that a single FFT of an n-vector costs
O(n log n) operations.
4. We assume that function evaluations of the functions G, S, w, δ cost one
flop. This estimate is optimistic, as most function evaluations will require
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more than one flop, but we make this simplifying assumption for both the
algorithms we are comparing.
Algorithm 1: IMEX time stepper in matrix form (2.6), nonlinear term com-
puted with pseudospectral evaluation (2.19)
Input : Initial condition V 0 ∈ Rnξ×nx , time step τ , number of steps nt.
Output: An approximate solution (V n)ntn=1 ⊂ Rnξ×nx
1 begin
2 Compute grid vectors ξ ∈ Rnξ×1, x ∈ R1×nx .
3 Compute synaptic vectors w, wˆ = Fnx [w] ∈ R1×nx .
4 Compute synaptic vectors α, α′ ∈ Rnξ×1.
5 Compute quadrature weights σ ∈ Rnξ×1.
6 Compute sparse LU -factorisation of A,
LU = A ∈ Rnξ×nξ .
7 for n = 1, . . . , nt do
8 Set V = V n−1 ∈ Rnξ×nx .
9 Compute the external input at time tn−1 and store it in G ∈ Rnξ×nx .
10 Set z = Fnx
[
(α′  σ)TS(V )] ∈ R1×nx .
11 Set N = hxαF−1nx [wˆ  z] ∈ Rnξ×nx .
12 Solve for V n the linear problem (LU)V n = V + τ(N +G).
13 end
14 end
In Table 2.1 we count flops required in each line of Algorithms 1 and 2. The data
is grouped so as to distinguish between the initialisation phase of the algorithms, and
the iterations for the time steps. Algorithm 1 outperforms substantiatlly Algorithm 2
in both phases. In the initialisation, the number of flops scales linearly for Algorithm
1, and quadratically for Algorithm 2. This is mostly owing to the LU -factorisation
step, which involves the nξ-by-nξ matrix A in the former, and an nξnx-by-nξnx matrix
in the latter.
The efficiency gain is more striking in the cost per time step: owing to the pseu-
dospectral evaluation of the nonlinearity, only O(nξnx) + O(nx log nx) flops are nec-
essary in Algorithm 1, as opposed to O(n2ξn
2
x) flops in Algorithm 2.
An important point to note that, in the case of a 2D somatic space with, say
coordinates (x, y, ξ) and nx = ny = N , nξ grid points (see Figure 1.1(a)), the size
of the matrix A in Algorithm 1remains unaltered, while Algorithm 2 requires the
factorisation and inversion of a much larger matrix, of size nξN
2-by-nξN
2. Estimates
for the efficiencies in this case can be obtained by replacing nx by N
2 in the table,
leading to much greater savings.
Finally, in Table 2.2 we collect the variables used by both algorithms, and count
the storage requirement of each of them, measured floating point numbers. The
results show that Algorithm 1 requires asymptotically the same storage as Algorithm
2 O(nξnx). For fixed values of nξ and nx, however, the latter uses almost twice as
much storage space as the former.
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Algorithm 2: IMEX time stepper in vector form (2.5), nonlinear term evalu-
ated with quadrature formula (2.10).
Input : Initial condition U0 ∈ Rnξnx , time step τ , number of steps nt.
Output: An approximate solution (Un)ntn=1 ⊂ Rnξnx
1 begin
2 Compute grid vectors ξ ∈ Rnξ , x ∈ Rnx .
3 Compute synaptic vector w ∈ R1×nx .
4 Compute synaptic vectors α, α′ ∈ Rnξ×1.
5 Compute quadrature weights ρ ∈ Rnx , σ ∈ Rnξ .
6 Compute sparse LU -factorisation
LU =
(
(1 + τγ)Inxnξ − τνInx ⊗Dξξ
) ∈ Rnξnx×nξnx .
7 for n = 1, . . . , nt do
8 Set Z = Un−1 ∈ Rnξnx .
9 Compute the external input at time tn−1 and store it in G ∈ Rnξnx .
10 Compute the nonlinear term N using (2.10).
11 Solve for Un the linear problem (LU)Un = Z + τ(N +G).
12 end
13 end
Table 2.1
Flop count for the initialisation step (lines 2–6) and for one time step (lines 8–12) in Algorithms
1,2.
Algorithm 1 Algorithm 2
Lines Flops Lines Flops
2 nξ + nx 2 nξ + nx
3 2nx 3 nx
4 2nξ 4 2nξ
5 nξ 5 nξ + nx
6 2nξ − 1 6 2nξnx − 1
2–6 O(nξ) +O(nx) 2–6 O(nξnx)
8 nξnx 8 nξnx
9 nξnx 9 nξnx
10 3nξnx +O(nx log nx) + nξ − nx 10 2n2ξn2x − n2ξnx
11 nξnx +O(nx log nx) + 2nx 11 5nξnx − 4
12 5nξnx − 4nx
8–12 O(nξnx) +O(nx log nx) 8–11 O(n
2
ξn
2
x)
3. Travelling waves. We tested the algorithm on an analytically tractable neu-
ral field problem, and we report in this section our numerical experiments. For the
test, we take a sigmoidal firing rate function
(3.1) S(V ) =
1
1 + exp(−β(V − θ)) ,
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Table 2.2
Space requirements, measured in Floating Point Numbers, for Algorithms 1 and 2. Arrays
d1, . . . , d3, store diagonals of the LU-factorisation in the respective algorithms.
Floating Point Numbers Algorithm 1 Algorithm 2
nξ ξ, α, α
′, d1, d2, d3, z ξ, ρ, α, α′
nx x,w, σ x, σ, w
nξnx V, V
n, G,N Un, Z,N,G, d1, d2, d3
Total 4nxnξ + 7nξ + 3nx 7nxnξ + 2nξ + 2nx
3
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<latexit sha1_base64="38q5 GYglt/2oHy10bM6lligGAVc=">AAAB7HicbVBNS8NAEJ34WetX1 aOXxSp4KkkV9Fjw4rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd5 89+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB 23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPO El5ENOhEpFgFK3k1697qehXqm7NnYOsEq8gVSjQ7Fe+eoOEZTFX yCQ1puu5KQY51SiY5NNyLzM8pWxMh7xrqaIxN0E+P3ZKLqwyIFG ibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFtkAuVZsgVWyyKMk kwIbPPyUBozlBOLKFMC3srYSOqKUObT9mG4C2/vEpa9Zp3Vas/u NXGeRFHCU7hDC7BgxtowD00wQcGAp7hFd4c5bw4787HonXNKWZO 4A+czx8soo4p</latexit>
24⇡
<latexit sha1 _base64="38q5GYglt/2oHy10b M6lligGAVc=">AAAB7HicbVBN S8NAEJ34WetX1aOXxSp4KkkV9 Fjw4rGCaQttKJvtpl262YTdiVB Cf4MXD4p49Qd589+4bXPQ1gcD j/dmmJkXplIYdN1vZ219Y3Nru7 RT3t3bPzisHB23TJJpxn2WyER 3Qmq4FIr7KFDyTqo5jUPJ2+H4b ua3n7g2IlGPOEl5ENOhEpFgFK 3k1697qehXqm7NnYOsEq8gVSj Q7Fe+eoOEZTFXyCQ1puu5KQY51 SiY5NNyLzM8pWxMh7xrqaIxN0 E+P3ZKLqwyIFGibSkkc/X3RE5j YyZxaDtjiiOz7M3E/7xuhtFtk AuVZsgVWyyKMkkwIbPPyUBozlB OLKFMC3srYSOqKUObT9mG4C2/ vEpa9Zp3Vas/uNXGeRFHCU7hD C7BgxtowD00wQcGAp7hFd4c5bw 4787HonXNKWZO4A+czx8soo4p </latexit>
 24⇡
<latexit sha1_base64="WduI TiCDVWsC8gbJ+r8vfOQOwH4=">AAAB7XicbVBNSwMxEJ34WetX1 aOXYBW8WHaroMeCF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f94 89+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHR w2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLR7dRvPTFtuJIPd pywICYDySNOiXVS86J61U14r1T2Kt4MeJn4OSlDjnqv9NXtK5rG TFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCZU/o 4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CbIuExSyySdL4 pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmlWK/5lp XrvlWuneRwFOIYTOAcfrqEGd1CHBlB4hGd4hTek0At6Rx/z1hWU zxzBH6DPH5ajjmA=</latexit>
 24⇡
<latexi t sha1_base64 ="WduITiCDVW sC8gbJ+r8vfOQ OwH4=">AAAB7X icbVBNSwMxEJ 34WetX1aOXYBW 8WHaroMeCF48V 7Ae0S8mm2TY2m yxJVihL/4MXD 4p49f9489+Ytn vQ1gcDj/dmmJk XJoIb63nfaGV 1bX1js7BV3N7Z 3dsvHRw2jUo1Z Q2qhNLtkBgmuG QNy61g7UQzEo eCtcLR7dRvPTF tuJIPdpywICYD ySNOiXVS86J6 1U14r1T2Kt4Me Jn4OSlDjnqv9N XtK5rGTFoqiDE d30tskBFtORV sUuymhiWEjsiA dRyVJGYmyGbXT vCZU/o4UtqVt Him/p7ISGzMOA 5dZ0zs0Cx6U/E /r5Pa6CbIuExS yySdL4pSga3C 09dxn2tGrRg7Q qjm7lZMh0QTal 1ARReCv/jyMm lWK/5lpXrvlWu neRwFOIYTOAcf rqEGd1CHBlB4h Gd4hTek0At6R x/z1hWUzxzBH6 DPH5ajjmA=</l atexit>
Fig. 3.1. Coherent structure observed in time simulation of (2.1), (3.1), (3.2). (a): Pseudocolor
plot of V (x, ξ, t) at several time points, showing two counter-propagating waves. (b): Solution at
ξ = 0, showing the wave profile. Parameters: ξ0 = 1, ε = 0.005, ν = 0.4, γ = 1, β = 1000, θ = 0.01,
κ = 3, Lx = 24pi, Lξ = 3, nx = 2
10, nξ = 2
12, τ = 0.05.
and kernel specified by
(3.2) w(x) =
κ
2
exp
(
− |x|
2
)
, δε(ξ) =
1
ε
√
pi
exp
(
− ξ
2
ε2
)
where β, θ, κ are positive constants. If S(V ) = H(V − θ), H being the Heaviside
function, δε is replaced by the Dirac delta distribution, and the evolution equation
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10 1
<latexit sha1_base64="NKV7 nw32iErPSrWQRFZ5qYbchVc=">AAAB7nicbVA9SwNBEJ2LXzF+R S1tFqNgY7iLhZYBG8sI5gOSM+xt5pIle3vH7p4QjvwIGwtFbP09 dv4bN8kVmvhg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5c Ojlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+m EmCfkSHkoecUWOltuc+ZpfetF+uuFV3DrJKvJxUIEejX/7qDWKW RigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/d0rOrTI gYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYl GYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0mrVvWuq rV7t1I/y+MowgmcwgV4cA11uIMGNIHBGJ7hFd6cxHlx3p2PRWvB yWeO4Q+czx8ycY63</latexit>
1/⌧
<latexit sha1_base64="cjJn cviCfOprhWIdWa5xy8yBcJ8=">AAAB7XicbVA9SwNBEJ2LXzF+R S1tFqNgFe9ioWXAxjKC+YDkCHubvWTN3u2xOyeEI//BxkIRW/+P nf/GTXKFJj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfH jUMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4 CThfkSHsQgFo2illnfZQ5r2yxW36s5BVomXkwrkaPTLX72BYmnE Y2SSGtP13AT9jGoUTPJpqZcanlA2pkPetTSmETd+Nr92Ss6tMiC h0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ+JOEmRx2yxKE wlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtGpV76pau 3cr9bM8jiKcwClcgAfXUIc7aEATGDzCM7zCm6OcF+fd+Vi0Fpx8 5hj+wPn8AfU8jp4=</latexit>
10.5
<latexit sha1_base64="9+1N f7equlOMTthAu0mi6WxJows=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0haRI8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+Q N/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6v FJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo 5klNBB4LFnECDa55Hvu9bBa81xvAbRO/ILUoEBrWP0ajGKSCioN 4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0aZURimJ lSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URLdBxmSSGirJclGUcm RilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mn7voNt/7g1 ZoXRRxlOINzuAIfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU /sD5/AHAU41I</latexit>
13.5
<latexit sha1_base64="0fw7 irN0ljyYhnU6bmmbIsx2Nd4=">AAAB63icbVBNSwMxEJ34WetX1 aOXYBU8ld2K6LHgxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe /Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo 7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7 TRhgSQjxSNOic0l/6p2PahUvZo3B14lfkGqUKA5qHz1hzFNJVOW CmJMz/cSG2REW04Fm5X7qWEJoRMyYj1HFZHMBNn81hm+cMoQR7F 2pSyeq78nMiKNmcrQdUpix2bZy8X/vF5qo9sg4ypJLVN0sShKBb Yxzh/HQ64ZtWLqCKGau1sxHRNNqHXxlF0I/vLLq6Rdr7nE6g9et XFexFGCUziDS/DhBhpwD01oAYUxPMMrvCGJXtA7+li0rqFi5gT+ AH3+AMTljUs=</latexit>
|v
 
v ⇤
|
<latexit sha1_base64="PtLl2Pw14DnSlMdKo7uLT1UdzKU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBREMOzGgx4DXjxGMA9IljA76SRDZmeXmdlA2OQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHdR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEM72d+Y4RK80g+mXGMfkj7kvc4o8ZKjcnoetS5mnQKRbfkzkFWiZeRImSodgpf7W7EkhClYYJq3fLc2PgpVYYzgdN8O9EYUzakfWxZKmmI2k/n507JhVW6pBcpW9KQufp7IqWh1uMwsJ0hNQO97M3E/7xWYnp3fsplnBiUbLGolwhiIjL7nXS5QmbE2BLKFLe3EjagijJjE8rbELzll1dJvVzybkrlR7dYOc/iyMEpnMEleHALFXiAKtSAwRCe4RXenNh5cd6dj0XrmpPNnMAfOJ8//q+PPA==</latexit>
10 2
<latexit sha1_base64="nSgk DKlXgDf61rbL9feoQ3gEQtY=">AAAB7nicbVA9SwNBEJ2LXzF+R S1tFqNgY7iLhZYBG8sI5gOSM+xt5pIle3vH7p4QjvwIGwtFbP09 dv4bN8kVmvhg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5c Ojlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+m EmCfkSHkoecUWOltuc+Zpe1ab9ccavuHGSVeDmpQI5Gv/zVG8Qs jVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+7pScW2V AwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE974GZdJalCyxa IwFcTEZPY7GXCFzIiJJZQpbm8lbEQVZcYmVLIheMsvr5JWrepdV Wv3bqV+lsdRhBM4hQvw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aC k88cwx84nz8z9o64</latexit>
O(⌧)
<latexit sha1_base64="Ab42 gHLgSkati+so2nFCb17Bi0A=">AAAB7nicbVA9SwNBEJ3zM8avq KXNYhRiE+5ioWXAxs4I5gOSI+xt9pIle3vH7pwQjvwIGwtFbP09 dv4bN8kVmvhg4PHeDDPzgkQKg6777aytb2xubRd2irt7+weHpa PjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR 5wk3I/oUIlQMIpWat9XekjTy36p7FbdOcgq8XJShhyNfumrN4hZ GnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fkwio DEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxa IwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6RVq3pX1 dqDW66f53EU4BTOoAIeXEMd7qABTWAwhmd4hTcncV6cd+dj0brm 5DMn8AfO5w990I7o</latexit>
(d)
<latexit sha1_base64="galL XRhQguikM30hWcEqFPFb6do=">AAAB6nicbVA9SwNBEJ3zM8avq KXNYhRiE+5ioWXAxjKi+YDkCHt7c8mSvb1jd08IIT/BxkIRW3+R nf/GTXKFJj4YeLw3w8y8IBVcG9f9dtbWNza3tgs7xd29/YPD0t FxSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej25nffkKleSIfz ThFP6YDySPOqLHSQyW87JfKbtWdg6wSLydlyNHol756YcKyGKVh gmrd9dzU+BOqDGcCp8VepjGlbEQH2LVU0hi1P5mfOiUXVglJlCh b0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRDf+hMs0MyjZYlGUCW ISMvubhFwhM2JsCWWK21sJG1JFmbHpFG0I3vLLq6RVq3pX1dp9r Vw/z+MowCmcQQU8uIY63EEDmsBgAM/wCm+OcF6cd+dj0brm5DMn 8AfO5w+E4o0x</latexit>
(c)
<latexit sha1 _base64="B6EGTOuwLqOfRVU1d YnJNaHIylE=">AAAB6nicbVA9 SwNBEJ3zM8avqKXNYhRiE+5io WXAxjKi+YDkCHubvWTJ3t6xOye EIz/BxkIRW3+Rnf/GTXKFJj4Y eLw3w8y8IJHCoOt+O2vrG5tb24 Wd4u7e/sFh6ei4ZeJUM95ksYx 1J6CGS6F4EwVK3kk0p1EgeTsY3 8789hPXRsTqEScJ9yM6VCIUjK KVHirssl8qu1V3DrJKvJyUIUe jX/rqDWKWRlwhk9SYrucm6GdUo 2CST4u91PCEsjEd8q6likbc+N n81Cm5sMqAhLG2pZDM1d8TGY2M mUSB7YwojsyyNxP/87ophjd+J lSSIldssShMJcGYzP4mA6E5Qzm xhDIt7K2EjaimDG06RRuCt/zy KmnVqt5VtXZfK9fP8zgKcApnU AEPrqEOd9CAJjAYwjO8wpsjnRf n3flYtK45+cwJ/IHz+QODXY0w </latexit>
1/"
<latexit sha1_base64="5c8E pGVasySuLFCs08T5hVtDr0M=">AAAB9HicbVA9TwJBEJ3DL8Qv1 NLmIppY4R0WWpLYWGIiSAIXsrfMwYa93XN3j4Rc+B02Fhpj64+x 89+4wBUKvmSSl/dmMjMvTDjTxvO+ncLa+sbmVnG7tLO7t39QPj xqaZkqik0quVTtkGjkTGDTMMOxnSgkccjxMRzdzvzHMSrNpHgwk wSDmAwEixglxkqBf9kdE4WJZlyKXrniVb053FXi56QCORq98le3 L2kaozCUE607vpeYICPKMMpxWuqmGhNCR2SAHUsFiVEH2fzoqXt ulb4bSWVLGHeu/p7ISKz1JA5tZ0zMUC97M/E/r5Oa6CbImEhSg4 IuFkUpd410Zwm4faaQGj6xhFDF7K0uHRJFqLE5lWwI/vLLq6RVq /pX1dq9V6mf5XEU4QRO4QJ8uIY63EEDmkDhCZ7hFd6csfPivDsf i9aCk88cwx84nz+QqZHd</latexit>
101
<latexit sha1_base64="0xgu of4hFvceXTNNjXpHrDVVmI8=">AAAB63icbVBNSwMxEJ31s9avq kcvwSp4Ktl60GPBi8cK9gPatWTTbBuaZJckK5Slf8GLB0W8+oe8 +W/MtnvQ1gcDj/dmmJkXJoIbi/G3t7a+sbm1Xdop7+7tHxxWjo 7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64ST29zvPDFteKwe7 DRhgSQjxSNOic0lHz/6g0oV1/AcaJX4BalCgeag8tUfxjSVTFkq iDE9Hyc2yIi2nAo2K/dTwxJCJ2TEeo4qIpkJsvmtM3ThlCGKYu1 KWTRXf09kRBozlaHrlMSOzbKXi/95vdRGN0HGVZJapuhiUZQKZG OUP46GXDNqxdQRQjV3tyI6JppQ6+IpuxD85ZdXSbte869q9Xtcb ZwXcZTgFM7gEny4hgbcQRNaQGEMz/AKb570Xrx372PRuuYVMyfw B97nDwNCjXQ=</latexit>
102
<latexit sha1_base64="e5Mo oFXVTS85YZmXyJAzXZQnEVA=">AAAB63icbVDLSgNBEOz1GeMr6 tHLYBQ8hd140GPAi8cI5gHJGmYns8mQeSwzs0JY8gtePCji1R/y 5t84m+xBEwsaiqpuuruihDNjff/bW1vf2NzaLu2Ud/f2Dw4rR8 dto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5zf3OE9WGKflgp wkNBR5JFjOCbS4F/mN9UKn6NX8OtEqCglShQHNQ+eoPFUkFlZZw bEwv8BMbZlhbRjidlfupoQkmEzyiPUclFtSE2fzWGbpwyhDFSru SFs3V3xMZFsZMReQ6BbZjs+zl4n9eL7XxTZgxmaSWSrJYFKccWY Xyx9GQaUosnzqCiWbuVkTGWGNiXTxlF0Kw/PIqaddrwVWtfu9XG +dFHCU4hTO4hACuoQF30IQWEBjDM7zCmye8F+/d+1i0rnnFzAn8 gff5AwTGjXU=</latexit>
|v
 
v ⇤
|
<latexit sha1_base64="PtLl2Pw14DnSlMdKo7uLT1UdzKU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBREMOzGgx4DXjxGMA9IljA76SRDZmeXmdlA2OQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHdR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEM72d+Y4RK80g+mXGMfkj7kvc4o8ZKjcnoetS5mnQKRbfkzkFWiZeRImSodgpf7W7EkhClYYJq3fLc2PgpVYYzgdN8O9EYUzakfWxZKmmI2k/n507JhVW6pBcpW9KQufp7IqWh1uMwsJ0hNQO97M3E/7xWYnp3fsplnBiUbLGolwhiIjL7nXS5QmbE2BLKFLe3EjagijJjE8rbELzll1dJvVzybkrlR7dYOc/iyMEpnMEleHALFXiAKtSAwRCe4RXenNh5cd6dj0XrmpPNnMAfOJ8//q+PPA==</latexit>
10 1
<latexit sha1_base64="NKV7 nw32iErPSrWQRFZ5qYbchVc=">AAAB7nicbVA9SwNBEJ2LXzF+R S1tFqNgY7iLhZYBG8sI5gOSM+xt5pIle3vH7p4QjvwIGwtFbP09 dv4bN8kVmvhg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5c Ojlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+m EmCfkSHkoecUWOltuc+ZpfetF+uuFV3DrJKvJxUIEejX/7qDWKW RigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/d0rOrTI gYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYl GYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0mrVvWuq rV7t1I/y+MowgmcwgV4cA11uIMGNIHBGJ7hFd6cxHlx3p2PRWvB yWeO4Q+czx8ycY63</latexit>
10 2
<latexit sha1_base64="nSgk DKlXgDf61rbL9feoQ3gEQtY=">AAAB7nicbVA9SwNBEJ2LXzF+R S1tFqNgY7iLhZYBG8sI5gOSM+xt5pIle3vH7p4QjvwIGwtFbP09 dv4bN8kVmvhg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5c Ojlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+m EmCfkSHkoecUWOltuc+Zpe1ab9ccavuHGSVeDmpQI5Gv/zVG8Qs jVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+7pScW2V AwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE974GZdJalCyxa IwFcTEZPY7GXCFzIiJJZQpbm8lbEQVZcYmVLIheMsvr5JWrepdV Wv3bqV+lsdRhBM4hQvw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aC k88cwx84nz8z9o64</latexit>
O(")
<latexit sha1_base64="gs2k j1JgtxsTuD9iqDJbBaokC8M=">AAAB9XicbVA9TwJBEN3DL8Qv1 NJmI5pgQ+6w0JLExk5M5COBk+wtc7Bhb/eyu4chF/6HjYXG2Ppf 7Pw3LnCFgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA +PmlomikKDSi5VOyAaOBPQMMxwaMcKSBRwaAWjm5nfGoPSTIoHM 4nBj8hAsJBRYqz0eFfujomCWDMuxUWvWHIr7hx4lXgZKaEM9V7x q9uXNIlAGMqJ1h3PjY2fEmUY5TAtdBMNMaEjMoCOpYJEoP10fvU Un1ulj0OpbAmD5+rviZREWk+iwHZGxAz1sjcT//M6iQmv/ZSJOD Eg6GJRmHBsJJ5FgPtMATV8YgmhitlbMR0SRaixQRVsCN7yy6ukW a14l5XqvVuqnWVx5NEJOkVl5KErVEO3qI4aiCKFntErenOenBfn 3flYtOacbOYY/YHz+QMc5ZIn</latexit>
(b)
<latexit sha1_base64="T85c GwTaAadlM9GTvrOWX425Bu8=">AAAB6nicbVA9SwNBEJ3zM8avq KXNYhRiE+5ioWXAxjKi+YDkCHubvWTJ3t6xOyeEIz/BxkIRW3+R nf/GTXKFJj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6e i4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqE ScJ9yM6VCIUjKKVHirBZb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhC JqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNyYZUBCWN tSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSo Ixmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVb2rau2+V q6f53EU4BTOoAIeXEMd7qABTWAwhGd4hTdHOi/Ou/OxaF1z8pkT +APn8weB2I0v</latexit>
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Fig. 3.2. (a) Travelling wave speed versus firing rate threshold, computed analytically via (3.3),
and numerically via the time-stepper. (b)–(d) Convergence of the computed speed to the analytical
speed at θ = 0.01, as a function of the the kernel support parameter ε, the steepness of the sigmoid
β, and the time-stepping parameter τ , respectively. Parameters as in (3.1).
is posed on R2, then the model supports solutions for which V (x, 0, t) is a travelling
front V (x, 0, t) = ϕ(x− v∗t), with ϕ(±∞) = V±, whose speed v∗ satisfies the implicit
equation [17]
(3.3)
κ exp(−ψ(v∗, ν)ξ0)
2ψ(v∗, ν)ν
− θ = 0, ψ(v∗, ν) =
√
γ + v∗
ν
.
To test our scheme we study solutions to (2.1), (3.1), (3.2) with Lx, β  1,
Lξ 
√
ν/γ, (the characteristic electrotonic length), and ε  1. Since for this
problem [−Lx, Lx) ∼= S, we expect to observe at ξ = ξ0 two counter-propagating
waves with approximate speed v and
V (±Lx, ξ0, t) ≈ V+, V (0, ξ0, t) ≈ V−.
We show an exemplary profile of this coherent structure in Figure 3.1, where we
observe two counter-propagating waves, as described above.
Since the wavespeed v∗ is available implicitly, we performed some tests to validate
the proposed algorithm. Firstly, we compute roots of (3.3) in the variable v∗, as a
function of the firing rate threshold θ. In Figure 3.2(a) we observe a good agreement
with the wavespeed observed in direct simulations. The latter has been computed
by post-processing data from numerical simulations: using first-order interpolants we
approximate a positive function x∗(t) such that V (x∗(t), 0, t) = θ, that is, the θ-level
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set of V (x, 0, t) on [0, Lx] × [0, T ]; after an initial transient, x˙∗(t) is approximately
constant and provides an estimate of v∗, which is derived via first-order finite differ-
ences. In Figure 3.2(a) we observe a small discrepancy, which should be expected as
we have several sources of error, namely: the time-stepping error, the spatial discreti-
sation error for the differential and integral operators, the error due to the sigmoidal
firing rate and to δε (the theory is valid for Heaviside firing rate and for a Dirac-delta
distribution δ). In Figures 3.2(b)–(d) we show convergence plots for these errors (ex-
cept for the second-order spatial discretisation error which is dominated in numerical
simulations by the first-order time-stepping error).
4. Turing instability. The model defined by (1.1), with an appropriate choice
of somatic interaction, can also support a Turing instability to spatially periodic
patterns [4]. These in turn may either be independent of time or periodic in time. In
the latter case this leads to periodic travelling waves. Whether emergent patterns be
static or dynamic they both provide another validation test for the numerical scheme
presented here, as the bifurcation point as determined analytically from a Turing
analysis should agree with the onset of patterning in a direct numerical simulation. A
relatively recent description of the method for determining the Turing instability in a
neural field with dendritic processing can be found in [7]. Here we briefly summarise
the necessary steps to arrive at a formula for the continuous spectrum, from which
the Turing instability can be obtained.
In general a homogeneous steady state solution of (1.1) will only exist if either
S(0) = 0 or
∫
R2 W (x, ξ, y, η) dy dη = constant for all (x, ξ). The latter condition is not
generic, and so for the purposes of this validation exercise we shall work with the choice
S(0) = 0 for which V = 0 is the only homogeneous steady state. Linearising around
V = 0 and using (1.2) gives an evolution equation for the perturbations δV (x, ξ, t)
that can be written in the form
(4.1) δV (x, ξ, t) = S′(0)
∫ t
−∞
Θ(ξ − ξ0, t− s)
∫
R
w(|x− x′|)δV (x′, 0, s) dx′ ds,
where
Θ(ξ, t) = e−γt
e−ξ
2/(4νt)
√
4piνt
H(t).
Focusing on a somatic field δV (x, 0, t), we see from (4.1) (with ξ = 0) that this has
solutions of the form eλt eipx for λ ∈ C and p ∈ R, where λ = λ(p) is defined by the
implicit solution of E(λ, p) = 0, where
(4.2) E(λ, p) = 1− S′(0)exp(−ψ(λ, ν)ξ0)
2ψ(λ, ν)ν
ŵ(p).
Here the function ψ is defined as in (3.3) and ŵ(p) is the Fourier transform of w:
(4.3) ŵ(p) =
∫
R
w(|y|) e−ipy dy.
We note that since w(x) = w(|x|) then ŵ(p) ∈ R.
Note that if λ ∈ R with λ > −γ then E(λ, p) ∈ R. The trivial steady state is
stable to spatially-periodic perturbations if
wˆ(p) < w∗ = 2ψ(0, ν)ν exp(ψ(0, ν)ξ0)/S′(0) for all p ∈ R.
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p
<latexit sha1 _base64="QEWzWvQQFB2TuT438 2BoUNpUCEQ=">AAAB6HicbVA9 SwNBEJ2LXzF+RS1tFqNgFe5io WXAxjIB8wHJEfY2c8mavb1jd08 IR36BjYUitv4kO/+Nm+QKTXww 8Hhvhpl5QSK4Nq777RQ2Nre2d4 q7pb39g8Oj8vFJW8epYthisYh VN6AaBZfYMtwI7CYKaRQI7ASTu 7nfeUKleSwfzDRBP6IjyUPOqL FSMxmUK27VXYCsEy8nFcjRGJS /+sOYpRFKwwTVuue5ifEzqgxnA melfqoxoWxCR9izVNIItZ8tDp 2RS6sMSRgrW9KQhfp7IqOR1tMo sJ0RNWO96s3F/7xeasJbP+MyS Q1KtlwUpoKYmMy/JkOukBkxtYQ yxe2thI2poszYbEo2BG/15XXS rlW962qt6VbqF3kcRTiDc7gCD 26gDvfQgBYwQHiGV3hzHp0X593 5WLYWnHzmFP7A+fwB0SGM1g== </latexit>
 1.2
<latexi t sha1_base64 ="1nCq2jOAGl yzVn2x4m6z06M fq9w=">AAAB63 icbVBNS8NAEJ 3Ur1q/qh69LFb BiyFpD3osePFY wX5AG8pmu2mX7 m7C7kYooX/Bi wdFvPqHvPlv3L Q5aOuDgcd7M8z MCxPOtPG8b6e 0sbm1vVPerezt HxweVY9POjpOF aFtEvNY9UKsKW eStg0znPYSRb EIOe2G07vc7z5 RpVksH80soYHA Y8kiRrDJpWvf rQ+rNc/1FkDrx C9IDQq0htWvwS gmqaDSEI617vt eYoIMK8MIp/P KINU0wWSKx7Rv qcSC6iBb3DpHl 1YZoShWtqRBC /X3RIaF1jMR2k 6BzUSvern4n9d PTXQbZEwmqaGS LBdFKUcmRvnj aMQUJYbPLMFEM XsrIhOsMDE2no oNwV99eZ106q 7fcOsPXq15UcR RhjM4hyvw4Qaa cA8taAOBCTzDK 7w5wnlx3p2PZ WvJKWZO4Q+czx +3MY1C</latex it>
0.2
<latexi t sha1_base64 ="Gf4hlNHdpn lOs7Oxar9nnAh 9rIY=">AAAB6n icbVBNS8NAEJ 34WetX1aOXxSp 4Ckk96LHgxWNF +wFtKJvtpl262 YTdiVBCf4IXD 4p49Rd589+4bX PQ1gcDj/dmmJk XplIY9LxvZ21 9Y3Nru7RT3t3b PzisHB23TJJpx psskYnuhNRwKR RvokDJO6nmNA 4lb4fj25nffuL aiEQ94iTlQUyH SkSCUbTSg+fW +pWq53pzkFXiF 6QKBRr9yldvkL As5gqZpMZ0fS/ FIKcaBZN8Wu5 lhqeUjemQdy1V NOYmyOenTsmFV QYkSrQthWSu/ p7IaWzMJA5tZ0 xxZJa9mfif180 wuglyodIMuWKL RVEmCSZk9jcZ CM0ZyokllGlhb yVsRDVlaNMp2x D85ZdXSavm+l du7d6r1s+LOEp wCmdwCT5cQx3u oAFNYDCEZ3iFN 0c6L86787FoX XOKmRP4A+fzB0 wIjQo=</latex it>
(a)
<latexit sha1 _base64="HFhD0Rne0Wy6V20Ho KTDxJ/vfTc=">AAAB6nicbVA9 SwNBEJ3zM8avqKXNYhRiE+5io WXAxjKi+YDkCHubvWTJ3t6xOye EIz/BxkIRW3+Rnf/GTXKFJj4Y eLw3w8y8IJHCoOt+O2vrG5tb24 Wd4u7e/sFh6ei4ZeJUM95ksYx 1J6CGS6F4EwVK3kk0p1EgeTsY3 8789hPXRsTqEScJ9yM6VCIUjK KVHir0sl8qu1V3DrJKvJyUIUe jX/rqDWKWRlwhk9SYrucm6GdUo 2CST4u91PCEsjEd8q6likbc+N n81Cm5sMqAhLG2pZDM1d8TGY2M mUSB7YwojsyyNxP/87ophjd+J lSSIldssShMJcGYzP4mA6E5Qzm xhDIt7K2EjaimDG06RRuCt/zy KmnVqt5VtXZfK9fP8zgKcApnU AEPrqEOd9CAJjAYwjO8wpsjnRf n3flYtK45+cwJ/IHz+QOAU40u </latexit>
wˆ
(p
)
 
w
⇤
<latexit sha1_base64="yenwV8N2iA05U45w978RZxnzSDA=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSpUwZLUgx4LXjxWsB/QhrDZbtqlm03Y3bSU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt7W2vrG5tV3YKe7u7R8c2kfHTRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw/uZ3xpRqVgsnvQkoV6E+4KFjGBtJN+2UXeANRqXk0t0jcb+lW+XnIozB1olbk5KkKPu21/dXkzSiApNOFaq4zqJ9jIsNSOcTovdVNEEkyHu046hAkdUedn88im6MEoPhbE0JTSaq78nMhwpNYkC0xlhPVDL3kz8z+ukOrzzMiaSVFNBFovClCMdo1kMqMckJZpPDMFEMnMrIgMsMdEmrKIJwV1+eZU0qxX3plJ9dEq18zyOApzCGZTBhVuowQPUoQEERvAMr/BmZdaL9W59LFrXrHzmBP7A+vwBvFCRqw==</latexit>
0
<latexi t sha1_base64 ="ppXCz08O4f 1Y9XPOkafRj/7 KGkc=">AAAB6H icbVA9SwNBEJ 2LXzF+RS1tFqN gFe5ioWXAxjIB 8wHJEfY2c8mav b1jd08IR36Bj YUitv4kO/+Nm+ QKTXww8Hhvhpl 5QSK4Nq777RQ 2Nre2d4q7pb39 g8Oj8vFJW8epY thisYhVN6AaBZ fYMtwI7CYKaR QI7ASTu7nfeUK leSwfzDRBP6Ij yUPOqLFS0x2U K27VXYCsEy8nF cjRGJS/+sOYpR FKwwTVuue5ifE zqgxnAmelfqo xoWxCR9izVNII tZ8tDp2RS6sMS RgrW9KQhfp7I qOR1tMosJ0RNW O96s3F/7xeasJ bP+MySQ1KtlwU poKYmMy/JkOu kBkxtYQyxe2th I2poszYbEo2BG /15XXSrlW962 qt6VbqF3kcRTi Dc7gCD26gDvfQ gBYwQHiGV3hzH p0X5935WLYWn HzmFP7A+fwBcC GMlg==</latex it>
(b)
<latexit sha1_base64="T85c GwTaAadlM9GTvrOWX425Bu8=">AAAB6nicbVA9SwNBEJ3zM8avq KXNYhRiE+5ioWXAxjKi+YDkCHubvWTJ3t6xOyeEIz/BxkIRW3+R nf/GTXKFJj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6e i4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqE ScJ9yM6VCIUjKKVHirBZb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhC JqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNyYZUBCWN tSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSo Ixmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVb2rau2+V q6f53EU4BTOoAIeXEMd7qABTWAwhGd4hTdHOi/Ou/OxaF1z8pkT +APn8weB2I0v</latexit>
t
<latexit sha1_base64="N0Vg 2LblN0r535K09yXL2bf/TaU=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFqNgFe5ioWXAxjIB8wHJEfY2c8mavb1jd08IR36BjYUitv4k O/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8v FJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfz DRBP6IjyUPOqLFS0wzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq 3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWn IQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTO ZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16redbXWdCv1i zyOIpzBOVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/g fP4A1zGM2g==</latexit>0
<latexit sha1_base64="ppXC z08O4f1Y9XPOkafRj/7KGkc=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFqNgFe5ioWXAxjIB8wHJEfY2c8mavb1jd08IR36BjYUitv4k O/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8v FJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfz DRBP6IjyUPOqLFS0x2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTV uue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9K Qhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmM y/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW962qt6VbqF 3kcRTiDc7gCD26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A +fwBcCGMlg==</latexit>
100
<latexit sha1_base64="ecFr /9vaxl22eVijLlFbH9FD3O8=">AAAB6nicbVA9SwNBEJ3zM8avq KXNYhSswl4stAzYWEY0H5AcYW+zlyzZ2zt254QQ8hNsLBSx9RfZ +W/cJFdo4oOBx3szzMwLUyUtUvrtra1vbG5tF3aKu3v7B4elo+ OmTTLDRYMnKjHtkFmhpBYNlKhEOzWCxaESrXB0O/NbT8JYmehHH KciiNlAy0hyhk568Cntlcq0Qucgq8TPSRly1Hulr24/4VksNHLF rO34NMVgwgxKrsS02M2sSBkfsYHoOKpZLGwwmZ86JRdO6ZMoMa4 0krn6e2LCYmvHceg6Y4ZDu+zNxP+8TobRTTCROs1QaL5YFGWKYE Jmf5O+NIKjGjvCuJHuVsKHzDCOLp2iC8FffnmVNKsV/6pSvafl2 nkeRwFO4QwuwYdrqMEd1KEBHAbwDK/w5invxXv3Phata14+cwJ/ 4H3+AE2QjQs=</latexit>
m
ax x
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(x
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<latexit sha1_base64="Ff56EEVmrSR7DPlf/4s86k3ECiw=">AAAB+nicbVDLTgIxFO3gC/E16NJNI5pgQsgMLnRJ4sYlJvJIYDLplA40tJ1J21HIwKe4caExbv0Sd/6NBWah4ElucnLOvbn3niBmVGnH+bZyG5tb2zv53cLe/sHhkV08bqkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjG7nfvuRSEUj8aAnMfE4GggaUoy0kXy72ONo7I/htFUeV5yKvpz6dsmpOgvAdeJmpAQyNHz7q9ePcMKJ0JghpbquE2svRVJTzMis0EsUiREeoQHpGioQJ8pLF6fP4IVR+jCMpCmh4UL9PZEirtSEB6aTIz1Uq95c/M/rJjq88VIq4kQTgZeLwoRBHcF5DrBPJcGaTQxBWFJzK8RDJBHWJq2CCcFdfXmdtGpV96pau3dK9fMsjjw4BWegDFxwDergDjRAE2DwBJ7BK3izptaL9W59LFtzVjZzAv7A+vwBuGOS4w==</latexit>
0
<latexit sha1_base64="ppXC z08O4f1Y9XPOkafRj/7KGkc=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFqNgFe5ioWXAxjIB8wHJEfY2c8mavb1jd08IR36BjYUitv4k O/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8v FJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfz DRBP6IjyUPOqLFS0x2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTV uue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9K Qhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmM y/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW962qt6VbqF 3kcRTiDc7gCD26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A +fwBcCGMlg==</latexit>
0.45
<latexit sha1_base64="qN46 uWxCa8Fk73Xnx8T1bmfpnmg=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0iqoseCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/I m//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Xtys7u3v5B9f CoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044ucv9zhNVmsXy0 UwTGgg8kixiBJtc8tyr60G15rneHGiV+AWpQYHmoPrVH8YkFVQa wrHWPd9LTJBhZRjhdFbpp5ommEzwiPYslVhQHWTzW2fo3CpDFMX KljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6DjMkkNVSSxaIo5c jEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Eh+Msvr5J23fUv3fqDV 2ucFXGU4QRO4QJ8uIEG3EMTWkBgDM/wCm+OcF6cd+dj0Vpyiplj +APn8wfE3o1L</latexit>
31.4
<latexit sha1 _base64="0RRDwuHtAEek3q7yl Rg75T//ZA0=">AAAB63icbVBN S8NAEJ3Ur1q/qh69LFbBU0haQ Y8FLx4r2A9oQ9lsN+3S3U3Y3Qg l9C948aCIV/+QN/+NmzYHbX0w 8Hhvhpl5YcKZNp737ZQ2Nre2d8 q7lb39g8Oj6vFJR8epIrRNYh6 rXog15UzStmGG016iKBYhp91we pf73SeqNIvlo5klNBB4LFnECD a51PDd62G15rneAmid+AWpQYH WsPo1GMUkFVQawrHWfd9LTJBhZ RjhdF4ZpJommEzxmPYtlVhQHW SLW+fo0iojFMXKljRoof6eyLDQ eiZC2ymwmehVLxf/8/qpiW6Dj MkkNVSS5aIo5cjEKH8cjZiixPC ZJZgoZm9FZIIVJsbGU7Eh+Ksv r5NO3fUbbv2hXmteFHGU4QzO4 Qp8uIEm3EML2kBgAs/wCm+OcF6 cd+dj2VpyiplT+APn8wfEA41M </latexit>
-31.4
<latexi t sha1_base64 ="7veGN4cf4R uLlMPZlJHRH+M Odd0=">AAAB7H icbVBNS8NAEJ 3Ur1q/qh69LFb BiyFpBT0WvHis YGyhDWWz3bRLd zdhdyOU0N/gx YMiXv1B3vw3bt sctPXBwOO9GWb mRSln2njet1N aW9/Y3CpvV3Z2 9/YPqodHjzrJF KEBSXiiOhHWlD NJA8MMp51UUS wiTtvR+Hbmt5+ o0iyRD2aS0lDg oWQxI9hYKbhs +O5Vv1rzXG8Ot Er8gtSgQKtf/e oNEpIJKg3hWOu u76UmzLEyjHA 6rfQyTVNMxnhI u5ZKLKgO8/mxU 3RulQGKE2VLG jRXf0/kWGg9EZ HtFNiM9LI3E// zupmJb8KcyTQz VJLFojjjyCRo 9jkaMEWJ4RNLM FHM3orICCtMjM 2nYkPwl19eJY 9112+49ft6rXl WxFGGEziFC/Dh GppwBy0IgACDZ 3iFN0c6L8678 7FoLTnFzDH8gf P5Ay3kjYM=</l atexit>
7.9
<latexi t sha1_base64 ="X03anNEbre M96PaZ6+zxLoX etTk=">AAAB6n icbVA9SwNBEJ 3zM8avqKXNYhS swl0sol3AxjKi +YDkCHubuWTJ3 t6xuyeEIz/Bx kIRW3+Rnf/GTX KFJj4YeLw3w8y 8IBFcG9f9dtb WNza3tgs7xd29 /YPD0tFxS8epY thksYhVJ6AaBZ fYNNwI7CQKaR QIbAfj25nffkK leSwfzSRBP6JD yUPOqLHSQ61y 0y+V3Yo7B1klX k7KkKPRL331Bj FLI5SGCap113M T42dUGc4ETou 9VGNC2ZgOsWup pBFqP5ufOiUXV hmQMFa2pCFz9 fdERiOtJ1FgOy NqRnrZm4n/ed3 UhNd+xmWSGpRs sShMBTExmf1N BlwhM2JiCWWK2 1sJG1FFmbHpFG 0I3vLLq6RVrX hXlep9tVw/z+M owCmcwSV4UIM6 3EEDmsBgCM/wC m+OcF6cd+dj0 brm5DMn8AfO5w 9h7o0a</latex it>
-7.9
<latexi t sha1_base64 ="hNyVk9Zom/ bahwzo/BbAzNb No6A=">AAAB63 icbVBNS8NAEJ 3Ur1q/qh69LFb BiyGph+qt4MVj BWsLbSib7aZdu rsJuxuhhP4FL x4U8eof8ua/cd PmoK0PBh7vzTA zL0w408bzvp3 S2vrG5lZ5u7Kz u7d/UD08etRxq ghtk5jHqhtiTT mTtG2Y4bSbKI pFyGknnNzmfue JKs1i+WCmCQ0E HkkWMYJNLl02 3JtBtea53hxol fgFqUGB1qD61R /GJBVUGsKx1j3 fS0yQYWUY4XR W6aeaJphM8Ij2 LJVYUB1k81tn6 NwqQxTFypY0a K7+nsiw0HoqQt spsBnrZS8X//N 6qYmug4zJJDVU ksWiKOXIxCh/ HA2ZosTwqSWYK GZvRWSMFSbGxl OxIfjLL6+Sx7 rrX7n1+3qteVb EUYYTOIUL8KEB TbiDFrSBwBie4 RXeHOG8OO/Ox 6K15BQzx/AHzu cPy5GNUQ==</l atexit>
x
<latexit sha1 _base64="xdWVkJ2VwMKCQSMk3 6ZTTFLsZPI=">AAAB6HicbVA9 TwJBEJ3DL8Qv1NJmI5pYkTsst CSxsYREwAQuZG+Zg5W9vcvunpF c+AU2Fhpj60+y89+4wBUKvmSS l/dmMjMvSATXxnW/ncLa+sbmVn G7tLO7t39QPjxq6zhVDFssFrG 6D6hGwSW2DDcC7xOFNAoEdoLxz czvPKLSPJZ3ZpKgH9Gh5CFn1F ip+dQvV9yqOwdZJV5OKpCj0S9 /9QYxSyOUhgmqdddzE+NnVBnOB E5LvVRjQtmYDrFrqaQRaj+bHz ol51YZkDBWtqQhc/X3REYjrSdR YDsjakZ62ZuJ/3nd1ITXfsZlk hqUbLEoTAUxMZl9TQZcITNiYgl littbCRtRRZmx2ZRsCN7yy6uk Xat6l9Va063Uz/I4inACp3ABH lxBHW6hAS1ggPAMr/DmPDgvzrv zsWgtOPnMMfyB8/kD3UGM3g== </latexit>
⇠
<latexi t sha1_base64 ="SuE1KJHJ2E AtlWEtrF8g2wL 1ihs=">AAAB6n icbVA9SwNBEJ 2LXzF+RS1tFqN gFe5ioWXAxjKi +YDkCHubuWTJ3 t6xuyeGIz/Bx kIRW3+Rnf/GTX KFJj4YeLw3w8y 8IBFcG9f9dgp r6xubW8Xt0s7u 3v5B+fCopeNUM WyyWMSqE1CNgk tsGm4EdhKFNA oEtoPxzcxvP6L SPJYPZpKgH9Gh 5CFn1FjpvvfE ++WKW3XnIKvEy 0kFcjT65a/eIG ZphNIwQbXuem5 i/Iwqw5nAaam XakwoG9Mhdi2V NELtZ/NTp+TcK gMSxsqWNGSu/ p7IaKT1JApsZ0 TNSC97M/E/r5u a8NrPuExSg5It FoWpICYms7/J gCtkRkwsoUxxe ythI6ooMzadkg 3BW355lbRqVe +yWrtzK/WzPI4 inMApXIAHV1CH W2hAExgM4Rle4 c0Rzovz7nwsW gtOPnMMf+B8/g BS7Y23</latex it>
(c)
<latexit sha1 _base64="B6EGTOuwLqOfRVU1d YnJNaHIylE=">AAAB6nicbVA9 SwNBEJ3zM8avqKXNYhRiE+5io WXAxjKi+YDkCHubvWTJ3t6xOye EIz/BxkIRW3+Rnf/GTXKFJj4Y eLw3w8y8IJHCoOt+O2vrG5tb24 Wd4u7e/sFh6ei4ZeJUM95ksYx 1J6CGS6F4EwVK3kk0p1EgeTsY3 8789hPXRsTqEScJ9yM6VCIUjK KVHirssl8qu1V3DrJKvJyUIUe jX/rqDWKWRlwhk9SYrucm6GdUo 2CST4u91PCEsjEd8q6likbc+N n81Cm5sMqAhLG2pZDM1d8TGY2M mUSB7YwojsyyNxP/87ophjd+J lSSIldssShMJcGYzP4mA6E5Qzm xhDIt7K2EjaimDG06RRuCt/zy KmnVqt5VtXZfK9fP8zgKcApnU AEPrqEOd9CAJjAYwjO8wpsjnRf n3flYtK45+cwJ/IHz+QODXY0w </latexit>
31.4
<latexit sha1_base64="0RRD wuHtAEek3q7ylRg75T//ZA0=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0haQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+Q N/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6v FJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo 5klNBB4LFnECDa51PDd62G15rneAmid+AWpQYHWsPo1GMUkFVQa wrHWfd9LTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fo0iojFMX KljRoof6eyLDQeiZC2ymwmehVLxf/8/qpiW6DjMkkNVSS5aIo5c jEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fUbbv2hX mteFHGU4QzO4Qp8uIEm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT +APn8wfEA41M</latexit>
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Fig. 4.1. Numerical simulation of Turing bifurcation for the model with kernel and firing rate
function given in (4.4). (a): Plots of wˆ(p)− w∗ for β = 28 and β = 30, from which we deduce that
a Turing bifurcation occurs for an intermediate value of β. We expect perturbations of the trivial
state to decay exponentially if β = 28 and to increase exponentially if β = 30, as confirmed in panels
(b)–(d). (b): Maximum absolute value of the voltage at ξ = 0, as function of time, when the trivial
steady state is perturbed. (c),(d): Pseudocolor plot of V when β = 28 and β = 30, respectively.
Parameters: ξ0 = 1, ε = 0.005, ν = 6, c = 1, a1 = 1, b1 = 1, a2 = 1/4, b2 = 1/2, nx = 29,
Lx = 10pi, nξ = 2
11, Lξ = 2.5pi, τ = 0.01.
Hence a static instability occurs under a parameter variation when w(p∗) = w∗ for
some p∗ ∈ R, the critical wavelength of the unstable pattern. Hence if ŵ(p) has
a positive peak away from the origin, at p = p∗, then a static Turing instability
can occur (see Figure 4.1(a)). This is possible if w(|x|) has a Mexican-hat shape,
describing short range excitation and long range inhibition.
We have validated this scenario numerically, by simulating a neural field with
(4.4) w(x) = a1 exp(−b1|x|)− a2 exp(−b2|x|), S(V ) = 1
1 + exp (−βV ) −
1
2
,
and reporting results in Figure 4.1. In the Figure we pick the steepness of the sig-
moidal firing rate as main parameter, deduce that a Turing bifurcation occurs for a
critical value β∗ ∈ [28, 30], perturb the trivial steady state by setting initial condi-
tion V0(x, ξ) = 0.01 cos(p∗x) and domain Ω¯ = [−4pi/p∗, 4pi/p∗] × [−pi/p∗, pi/p∗], and
observe the perturbations decaying for β = 28, and growing for β = 30, respectively.
Note that, if λ ∈ C, then E(λ, p) ∈ C and it is possible that a dynamic Turing
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instability can occur, with an emergent frequency ωc. It is known that this case is more
likely for an inverted Mexican-hat shape, describing short range inhibition and long
range excitation [4]. We do not show computations for this case, but we briefly discuss
it below. The dynamic bifurcation condition can be defined by tracking the continuous
spectrum at the point where it first crosses the imaginary axis away from the real line.
This is equivalent to solving PpHω − HpPω = 0 with P (0, ωc, p) = 0 = H(0, ωc, p),
where the subscripts denote partial differentiation and P (ν, ω, p) = Re E(ν + iω, p)
and H(ν, ω, p) = Im E(ν + iω, p) [6, Chapter 1].
5. Conclusions. In this paper we have presented an efficient scheme for the
numerical solution of neural fields that incorporate dendritic processing. The model
prescribes diffusivity along the dendritic coordinate, but not along the cortex; in
addition, the nonlinear coupling is nonlocal on the cortex, but essentially local on
the dendrites. This structure allows the formulation of a compact numerical scheme,
and provides efficiency savings both in terms of operation counts, and in terms of the
space required by the algorithm. Firstly, a small diffusivity differentiation matrix is
decomposed at the beginning of the computation, and then used repeatedly to solve
a set of linear problems in the cortical direction. This aspect of the computation is
appealing, especially for high-dimensional computations where a 2D cortex is coupled
to the 1D dendritic coordinate, as the decomposition is performed once, and involves
only a 1D differentiation matrix. Secondly, the largest computational effort of the
scheme, which is in the evaluation of the nonlinear term, can be reduced considerably
using DFTs. We have also provided a basic numerical analysis of the scheme, under the
assumption that a solution to the infinite-dimensional problem exists. The existence of
this solution remains an open problem, which will be addressed in future publications.
The numerical implementation presented here does not exploit the fact that the
synaptic kernel is localised via the function δε. If one models the kernel using a
compactly supported function, for instance
(5.1) δε(ξ) = κ exp
(
− ξ
2
ε2
)
1(−ε,ε)(ξ),
which is supported in a small interval of O(ε) length, its evaluation at the grid points
is nonzero only on a small index set, namely
δε(ξi − ξ0) =
{
αi if i ∈ I,
0 otherwise,
δε(ξi′) =
{
α′i′ if i
′ ∈ I′,
0 otherwise,
where I, I′ ⊆ Nnξ are index sets with O(ε/Lnξ) elements |I|, |I′|  nξ, respectively.
This implies
Nij(V ) = αi
∑
j′∈Nnξ
wj−j′ρj′
∑
i′∈I′
α′i′σi′S(Vi′j′) (i, j) ∈ I× Nnx ,
and we note that only |I| rows of N are nonzero, and the inner sum is only over |I′|
elements. The formula above evaluates the nonlinear term N in just (2|I|+ |I′|)nx +
O(nx log nx) = O(nx+nx log nx) operations. Numerical experiments and convergence
tests have been performed also for this formula, albeit the results not presented here,
because a synaptic kernel with the choice (5.1) is no longer in C2(Ω × Ω), hence
Lemma 2.3 does not hold, and we plan to provide a convergence result for this case
elsewhere. We provide, however, a Matlab implementation of this code in Appendix A.
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Possible extensions of the model include curved geometries [21, 3], which should
benefit from a similar strategy used here for the dendritic coordinate, as well as
multiple population models. We expect that the latter will induce different coherent
structures to the ones reported here. The method outlined in this paper is valid also
in the context of numerical bifurcation analysis, which can be employed to study the
bifurcation structure of steady states and travelling waves.
The inclusion of synaptic processing to the present model is straightforward, by
coupling (2.1) to an equation of type QΨ = K where Q = (1 +α−1∂t)2 is a temporal
differential operator. The resulting model would not involve any additional spatial
differential or integral operator, therefore the proposed scheme can be applied by
simply augmenting the discretised state variables.
It is also important to address the role of axonal delays on the generation of large
scale brain rhythms. A recent paper [17] has explored how this might be done in a
purely PDE setting, generalising the Nunez brain-wave equation to include dendrites.
A natural extension of the work in this paper is to consider a more general numerical
treatment of a model with both dendritic processing and space-dependent axonal
delays in an integro-differential framework.
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Appendix A. Matlab implementation.
%% Model parameters
xi0 = 1.0; epsi = 0.005; nu = 0.4; xStar = 5; c = 1;
mu = 1000; vth = 0.01; kappa = 3;
%% Numerical parameters
nx = 2^12; Lx = 24*pi; nxi = 2^10; Lxi = 3;
tau = 0.05; nt = 1000; iplot = 10; ihist = iplot;
%% Spatial grid
hx = 2*Lx/nx; x = -Lx +[0:nx -1]*hx;
hxi = 2*Lxi/(nxi -1); xi = -Lxi + [0:nxi -1]’*hxi;
[X,XI] = meshgrid(x,xi);
%% Function handles
wFun = @(x) kappa *0.5* exp(-abs(x));
alphaFun = @(xi,epsi) (epsi*sqrt(pi))^-1 * exp( -(xi-xi0).^2/ epsi ^2)...
.*( abs(xi - xi0) <= 2*epsi);
alphaPFun = @(xi,epsi) (epsi*sqrt(pi))^-1 * exp( -xi.^2/ epsi ^2)...
.*( abs(xi) <= 2*epsi);
SFun = @(v) 1./(1+ exp(-mu*(v-vth)));
%% Precomputing vectors
wHat = fft(wFun(x));
alpha = alphaFun(xi ,epsi); J = find(alpha ~= 0); alpha = alpha(J);
alphaP = alphaPFun(xi,epsi); JP = find(alphaP ~= 0); alphaP = alphaP(JP);
%% Quadrature weights
sigma = ones(nxi ,1); sigma ([1 nxi]) = 0.5; sigma = hxi*sigma; sigma = sigma(JP);
%% Differenstiation matrix and linear operator
e = ones(nx ,1); D2 = spdiags ([e -2*e e], -1:1, nxi , nxi);
D2(1,2) = 2; D2(nxi ,nxi -1) = 2; D2 = D2/hxi ^2;
A = (1+tau/c)*speye(nxi) - tau*nu*D2;
dA = decomposition(A);
%% Initial condition
t = 0;
V = 0.5*(1 - 1./(1+ exp(-5*(X-xStar)))).*(X>0) +...
0.5*(1 - 1./(1+ exp (5*(X+xStar)))).*(X<=0);
%% Plots
subplot (2,2,[1 2]);
p1 = surf(X,XI,V); p1.ZDataSource = ’V’;
shading interp; view ([0 90]); axis tight; caxis ([0 1]);
subplot (2,2,[3 4]);
[~,id0] = min(abs(xi-xi0)); VSlice = V(id0 ,:);
p2 = plot(x,VSlice ,’*-’); p2.YDataSource = ’VSlice ’; ylim ([0 2.5]);
%% TimeStep
for it = 1:nt
% Compute F
F = zeros(nxi ,nx);
S = (alphaP .* sigma)’*SFun(V(JP ,:));
convol = hx*ifftshift(real(ifft(fft(S) .* wHat)));
F(J,:) = alpha * convol;
% Update V
V = dA\(V + tau*F);
t = t + tau;
% Update plot
if mod(it ,iplot) == 0
VSlice = V(id0 ,:);
title([’t = ’ num2str(t)]); caxis ([0 2]);
refreshdata , drawnow;
end
end
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